We investigate various aspects of the plane wave geometries obtained from D1/D5-brane system. We study the effect of Hopf-duality on the supersymmetries preserved by the Penrose limit of AdS 3 × S 3 × T 4 geometry. In type-IIB case, we first show that the Penrose limit makes the size of the 'would-be' internal torus comparable to that of the other directions. Based on this observation, we consider, in taking the Penrose limit, the generalization of the null geodesic to incorporate the tilted direction between the equator of S 3 and one of the torus directions. For generic values of the tilting angle, supersymmetries are not preserved. When the limit is taken along the torus direction, 16 supersymmetries are preserved. For the ordinary Penrose limit, 16 generic and 8 'supernumerary' supersymmetries are observed. In the Penrose limit of Hopf-dualized type-IIA geometry, only 4 supersymmetries are preserved. We classify all the Killing spinors according to their periodic properties along some relevant coordinates.
Introduction
As a testing ground for the truly stringy realization of AdS/CFT duality [1] , the plane wave geometry recently stood in the spotlight. It has appeared in the supergravity context as one of the maximally supersymmetric solutions for D = 11, N = 1 supergravity [2] . Actually the plane wave geometry is contained in any spacetime as the tangent geometry to an arbitrary null geodesic [3] . By taking the so-called Penrose limit to get this tangent space, one can reach the plane wave geometries from any geometries of D = 10, 11 supergravity theories [4, 5] , especially from any near-horizon AdS geometries of type IIB superstring theories and M-theory [6, 7] . One important property in these plane wave geometries is that they preserve maximal number of supersymmetries, 32 (i.e., the same number of supersymmetries as that of the AdS geometries) [8, 9] .
Composite D-branes have more exotic property concerning the supersymmetries; the Penrose limit of their near-horizon geometries allow more supersymmetries than their AdS partners do [10, 11] . As for the D3/D3-brane intersection, there are 16 supersymmetries in its near horizon geometry, i.e., AdS 3 × S 3 × T 4 . In the Penrose limit, 8 extra supersymmetries, coined as 'supernumerary' ones in Ref. [10] , appear. Related issues were discussed in Refs. [12, 13, 14] .
The purpose of this paper is to investigate various aspects of plane wave geometries obtained from D1/D5-brane system. We first consider the general cases where null geodesic involves the torus direction as well as the sphere direction in taking the Penrose limit. We then examine the supersymmetry properties of the resulting geometry. Next, we study the behavior of the supersymmetries (including the supernumerary ones) under the Hopf-duality acting on the plane wave limit of AdS 3 × S 3 × T 4 geometry 1 . All the Killing spinors obtained above are classified according to their periodic properties along those coordinates which inherit periodicity from AdS 3 × S 3 × T 4 geometry. We shall work in the context of low energy effective action of type-II superstring theories. The size of torus, T 4 is usually considered negligibly small compared to the other factors of the geometry. Therefore all the Kaluza-Klein momentum modes except the zero mode are suppressed along the torus directions due to large mass gap. However in the Penrose limit, the torus size becomes comparable to that of the other factors of the geometry. This is because the Penrose limit focuses on small region just around a geodesic followed by null rays [3] . As we will see explicitly in Section 2, the first leading order of the metric is of order 1/R 2 in the limit. We cannotà priori exclude higher Kaluza Klein modes around the torus in such a limit. These modes could provide another kind of R-charge in the dual CFT. Hence it makes sense to tilt the direction of null rays to incorporate the torus direction in taking the Penrose limit. (Conventionally the direction of null rays is taken along the equator direction of the S 3 .) It was shown in Ref. [17] that T-duality does preserve the Killing spinors when they are independent of the dual coordinate. In their argument, the dimensional reduction was essential. T-duality rules are simplified in the case of dimensional reduction; the supersymmetry transformation equations can be recast in a manifestly T-duality invariant form in terms of low dimensional theory (see [17] for details). In this setting, the condition for the Killing spinors becomes coincident with the condition for the supersymmetries to be preserved by the dimensional reduction; the Killing spinor survives dimensional reduction when its Lie derivative in the Killing direction used for the dimensional reduction vanishes.
In general, the dimensional reduction is an easy way to achieve the isometry that is necessary for T-duality. However in the Hopf-duality, the fiber direction is already a Killing direction. We need not assume small fiber size to write the metric in the Kaluza-Klein style. The 3-sphere metric in the new coordinates is completely of Kaluza-Klein style, where Kaluza-Klein gauge field does not depend on the fiber coordinate (see Appendix D). The question we may raise at this point is that what happens to the Killing spinors which depend on the coordinate associated with the isometry used for Hopf-duality. Some Killing spinors which depend on the dual coordinate may survive duality [5] . However, in this paper we show that this is not the case. All the Killing spinors which survive duality do not depend on the dual coordinate.
The coordinates of plane wave geometries arising in the Penrose limit inherit their periodic properties from the original coordinates of the near horizon geometry. This is in contrast with the situation of the plane wave solution obtained in Ref. [2] where the Penrose limit was not used at all. In our case, the Killing spinors should respect the periodicity of some relevant coordinates. This condition may eliminate some of the solutions satisfying the Killing spinor equations. We show in detail which spinors survive this condition.
The paper is composed as follows. In Section 2, we define the Penrose limit focusing on the region around the tilted null geodesic. For an arbitrary tilting angle α, the geometry becomes that of plane wave. In Section 3, we obtain explicitly the Killing spinors for type-IIB geometry discussed in Section 2. In Section 4, we perform Hopf-duality on the configuration of D1/D5-brane system. The near horizon geometry in the resulting type-IIA configuration is AdS 3 × S 2 × T 5 . In Section 5, we obtain the Killing spinors for the Penrose limit of type-IIA geometry obtained in Section 4. The Killing spinor equations are more involved due to the presence of several different kinds of fields. In Section 6, we examine whether the obtained Killing spinors are compatible with the periodicity of some coordinates. In Section 7, we discuss the origin of the supernumerary supersymmetries and the effect of the Hopf duality. The paper is concluded with some remarks on future works.
In appendices we collect some useful formulas relevant in this paper. Appendix A summarizes the Killing spinor equations of type-IIB supergravity discussed in Refs. [18, 19] . In Appendix B, we obtain the explicit expressions for the Killing spinors in the AdS 3 × S 3 × T 4 background, written in global coordinates. Appendix C contains the Killing spinor equations of type-IIA supergravity. Some old but relevant literatures on these are Ref. [20, 21] . See also Ref. [22] for more modern format. In Appendix D, we show explicitly how to obtain the Hopf-fibration of three sphere.
Our main results are as follows: For generic values of the tilting angle, supersymmetries are not preserved. If the limit is taken along the torus direction, 16 supersymmetries are preserved. For the ordinary Penrose limit, i.e., when the tilting angle α = 0, 16 generic and 8 'supernumerary' supersymmetries are observed. In the Penrose limit of Hopf-dualized type-IIA geometry, only 4 supersymmetries are preserved. We classify all the Killing spinors according to their periodic properties along the periodic coordinates.
Penrose limit of D1/D5-brane near horizon geometry
We begin with D1/D5-brane system:
Here the harmonic functions H 1 and H 5 in four transverse directions (
) are given as follows:
We keep v = (
of D5-branes wrapping around four-torus of the string size. The system produces the dilaton field e −2φ = H −1 1 H 5 and the Ramond-Ramond (RR) three form field strength
( * denotes the Hodge dual in the transverse flat spatial four dimensions.)
We now consider the near horizon limit keeping α ′ finite. In the region r 2 ≪ gα ′ N 1 /v, gα ′ N 5 ,we have
For the lengths gα ′ N 1 /v, gα ′ N 5 to be comparable with each other, N 1 /v and N 5 should be of the same order. Let us denote their finite ratio, the 'near horizon' value of the string coupling e φ , as
It is well-known that the geometry factorizes as AdS 3 × S 3 × T 4 in this near horizon region;
The sizes of AdS 3 and S 3 are equal and are given by R 2 = gα
. With the extension of the AdS 3 part using the global coordinates, one obtains the metric,
The RR three form field strength becomes
Now we take the Penrose limit. With the hindsight that we cannot neglect the size of the torus, we consider tilted null geodesic:
The Penrose Limit is defined as follows. We first define new coordinates;
and take the large R limit keeping l 2 ≡ R 2 (ζ − 1) finite. Then the leading order terms of the metric becomes
2 In the conventional Penrose limit, all the transverse coordinates (to the lightcone coordinates) are scaled uniformly, thus all the topological features are sent to infinity. However here, the torus part is intact about the scalings ρ = z/R, θ = y/R, and keeps its topological feature. In this sense, the limit we are taking is not just a Penrose limit, rather a double scaling limit.
As we see above, the size of the torus is comparable to the other parts of the geometry. We cannot neglect the Kaluza-Klein modes, which justifies our proposal to take the angular momentum direction tilted. Hereafter, for convenience, we abbreviate the component g ++ to −H and introduce Cartesian coordinates,x i (i = 2, · · · , 9) as
, ζdx
We may set in general, H =
i=2
A ijx ixj + constant.
Supersymmetries in type-IIB case
In order to count the number of unbroken supersymmetries, we need to solve the Killing spinor equations. In vanishing fermion backgrounds, the Killing spinor equations (in the Einstein frame) of type-IIB supergravity are summarized as [18] 
where the Roman indices K, L, · · · are pertinent to ten dimensions. The SU(1, 1)-invariant 3-form fields,
are constructed from the RR 3-form field strengths of Eq. (11) and the dilaton field φ. Details are given in Appendix A. The orthonormal frame is
with respect to which gamma matrices in Eq. (13), written in the coordinate frame, are recast as
The upper indexed gamma matrices are
The covariant derivatives D M in the plane wave background (10) are
In the orthonormal frame, the Killing spinor equations become
In the last equation, the matrices Ω i are given by
,
which were simplified by using the dilatino condition δλ = 0. The complex Weyl spinor ǫ can be written in terms of two Majorana-Weyl spinors as ǫ = ǫ 1 + iǫ 2 . In ten dimensions, one can use purely real representation of the Clifford algebra, which results in
We use δψ i = 0 in the first equality, and Γ (+) Γ (+) = 0 in the last equality. Therefore, ǫ is linear inx i , (i = 2, · · · 5) and independent of x − ,x i , (i = 6, · · · 9);
Plugging this result into the first two equations of Eq. (19), we have
where the first equation comes from the dilatino condition and the second (third) equations are due to the terms of the gravitino equation, which are independent (dependent) of the coordinatesx i , i = 2, · · · 5. The 2 × 2 identity matrix 1 1, and the Pauli matrix σ 1 act on the column index I = 1, 2 of η I . The second equation determines the dependence of η I (x + ) on the coordinate x + as
whereη I , I = 1, 2 are constant 16-component Majorana-Weyl spinors. The other conditions in Eq. (23) are recast into the conditions on the constant spinorη as
where we set A ij = µ i δ ij . If Γ 
does not change the result because it does not only add extra factor µ 2 to all µ i , (i = 2, · · · 5), but also changes the RR field of Eq. (11) by a factor µ so that Eq. (25) remains the same. Since some coordinates are periodic, we should call our special attention to the periodic properties of the Killing spinors. This will be discussed in Section 6.
4 Hopf-duality and AdS 3 in type-IIA supergravity
Here we perform Hopf-duality on the D-brane configuration we considered in the previous sections, to obtain a type-IIA configuration 3 . Hopf duality is a T-duality along the U(1) fiber direction of the odd dimensional sphere [16] . For the case at hand, it is based on the following Hopf fibration of a three-sphere:
The field strength F of the Kaluza-Klein gauge field A ≡ l sĀ is given in terms of the Kähler two form J = dΩ 2 , as F = −l s J. The explicit derivation is given in Appendix D.
Taking T-duality alongχ-direction on the geometry (1), we get the following string metric.
The RR 3-form field in type-IIB theory splits into a RR 2-form field F (2) and a RR 4-form field F (4) :
The Kaluza-Klein gauge field alongχ-direction becomes Neveu-Schwarz (NS) field to produce H (3) . The dilaton field φ ′ in type-IIA theory was determined such that the invariant measure √ −g st e −2φ of type-II string frame is invariant under the T-duality:
In the near-horizon, the geometry becomes AdS 3 × S 2 × T 5 :
3 In Ref. [16] , this was done in six dimensional truncated theory. In this paper, we work in full ten dimensions for completeness and the procedure becomes even more simplified since the standard T-duality rules of ten dimensions are applicable.
where −π/2 ≤θ ≤ π/2. The other fields become in the near horizon limit
5 Supersymmetries in type-IIA case
We would like to see if the Penrose limit results in extra supersymmetries in type-IIA case also. Taking the Penrose limit as follows
we get the following plane wave geometry,
In the same limit the RR fields and the NS field behave as
It seems that only the NS field H (3) survives in the large R limit. However, as we will see below, these fields appear in the Killing spinor equation with appropriate dilaton factors so that all the fields survive in the large R limit. The main difference between the geometry of type-IIA theory and that of type-IIB theory is that the metric component g ++ = −H is a function quadratic only in three coordinatesx 2 ,x 3 ,x 4 .
In type-IIA supergravity, the bosonic part of the Killing spinor equations are summarized in Appendix C (see also Ref. [21, 22] ). Here, all fermions are represented by Majorana spinors. The relation of gamma matrices in the coordinate frame and those in the orthonormal Einstein frame is basically the same as Eqs. (16, 17) except that ζ is replaced by the 'near horizon' value of type-IIA string coupling e φ ′ = 2R/gl s N 5 .
With the explicit expressions of form fields (33) and (34), the Killing spinor equations reduce to
where 
, the Killing spinor ǫ is at most linear in these coordinates;
Inserting this expression into the first and the second equations of Eq. (35), we get
The second equation determines x + -dependence of the Killing spinor;
whereη is a constant spinor. The third equation is specified as
One can easily see that the same conditions apply to the constant spinorsη. Therefore only the constant spinors satisfying Γ (+)η = 0 generate the solutions of the Killing spinor equations (35). Due to this condition, the linear dependence of the solutions (37) on the coordinates,x i , (i = 2, · · · , 9) disappears. If the coordinate x + is not periodic, 16 supersymmetries are preserved and there is no supernumerary supersymmetry. However, the coordinate x + inherits its periodicity from the coordinateψ, thus the solutions should respect the periodicity. In the next section we will elaborate on this point.
Periodicity of the Killing Spinors
The coordinates of the plane wave geometries of Eqs. (10), (33) inherit their periodicities from the original coordinates of the near horizon geometry. Since the transition functions of the spin manifold are given in terms of the spinor representation of the Lorentz group SO(9, 1), the Killing spinor should be either periodic or anti-periodic along those compact directions (see p. 276 of Ref. [19] for details). This may eliminate some of the solutions we have constructed so far.
IIB Case
Let us consider type-IIB case first. The periodic coordinates are
where k, n ∈ Z Z. Their periodicities are compatible with 'ψ ∼ ψ + 2πk' and 'x 6 ∼ x 6 +2πnR 6 '. The Killing spinor ǫ in Eq. (22) depends only on the periodic coordinate x + . Then the (anti-)periodic condition reduces to
The upper/lower sign corresponds to the periodic/anti-periodic condition. The resulting Killing spinors are always periodic for the cycle (k, n) = (0, 1). Expanding the exponent, we get
It follows from repetition of this eigenvalue equation
which implies Γ 
IIA case
Now we find Killing spinors of type-IIA case which are compatible with the periodic coordinates; (4)(5) 
The first equation corresponds to the periodic coordinateψ ∼ψ + 2π and the second equation concerns the periodic fiber coordinateχ ∼χ + 4π. As was discussed in Sec. 5, the linear dependence of the Killing spinors on the coordinatesx i , (i = 2, · · · , 9) disappears when we impose the condition Γ (+)η = 0. The (anti-)periodicity condition along the coordinate x + , may be transcribed into the following condition for the constant spinorsη,
Expanding the exponent, we get
Noting that cos π/4 = 1/ √ 2 is an irrational number, we may split the equation (48) into two parts, one with cos(π/4) and the other without;
The second equation (50) may be rewritten as
Note that since (Γ (2)(3) ) 2 = −1, it cannot have real eigenvalues. It readily implies that in the anti-periodic case we do not have a solution and in the periodic case we have one only when
Recalling that the constant spinors are subject to the condition Γ (+)η = 0, we find that Eqs. (49) and (52) yield 4 unbroken supersymmetries in this type-IIA case. All these 4 Killing spinors are periodic along x + -directions.
Discussions
It seems appropriate to give some thought to the reason why 'supernumerary' Killing spinors are generated in the Penrose limit of AdS 3 × S 3 × T 4 . In Ref. [10] , these supernumerary supersymmetries were shown to be related to the linearly realized world-sheet supersymmetries of the lightcone superstrings on the corresponding background. Here we give a more direct and explicit explanation for the supernumerary supersymmetries as follows. By a simple coordinate transformation, we can relate the gamma matrices γ (µ) based on the global coordinates of AdS 3 × S 3 (see Eq. (64) in Appendix B) with the gamma matrices Γ (µ) of (17) constructed for the corresponding plane wave geometry:
Note that in the Penrose limit (9), both γ (0) and γ (1) coalesce to a projector, R Γ
and the dilatino condition (66) changes as follows:
As a consequence, the operator becomes factorized into Γ (+) and Γ (2)(3) + Γ (4)(5) . Each of them can annihilate the spinor ǫ separately. This opens up a new possibility to obtain additional Killing spinors.
Let us make a few remarks on the periodicity analysis carried out in this paper. Throughout the analysis, Penrose limits with generic values of tilting angle (cos α = 0, ±1) turned out to give nonsupersymmetric plane wave geometries. The same analysis also excluded 12 aperiodic spinors out of 16 Killing spinors of the Hopfdualized geometry. These results seem to be in contradiction with the assertion made in Ref. [7] : the number of supersymmetries of a supergravity background never decreases in the Penrose limit. A few words on this 'seeming' contradiction are in order. First, the paper [7] did only consider local properties of supergravity configuration and not the global properties including the periodicity of the Killing spinors. Before the periodicity analysis, our results were perfectly in agreement with their assertion. Second, the periodicity of the Killing spinors is not a hereditary property in their sense. This can be easily understood by looking at the Killing spinors (71) of the original AdS geometry. Those Killing spinors are all anti-periodic along several periodic coordinates. However, most coordinate dependency (except x + -dependency) disappears in the Penrose limit making the spinors periodic along those coordinates. The reason why we have to look into the periodicity of the Killing spinors is as follows. As is also said in Ref. [7] , one can always identify the points between AdS geometry (6) and the plane wave geometry (10) . A periodic array of points in the AdS geometry remain still as a periodic array in the Penrose limit, although the period becomes rescaled in general. This implies that the periodic property of the geometry is hereditary although the periodicity of the Killing spinors is not. The spinor fields over the geometry should definitely respect these periodic properties of the geometry.
Let us now discuss the effect of Hopf-duality on the Killing spinors. As we observed before, the standard Killing spinors depend at most on x + due to the condition Γ (+)η = 0, both in type-IIB and type-IIA cases. Especially, the periodic Killing spinors are constant ones. Since x + looks independent of the fiber direction χ along which the T-duality is taken, we are apt to conclude that the standard Killing spinors may be kept intact by Hopf duality 4 . However, this is misleading. There are two important points we overlook easily. First, the fiber coordinate is not χ butχ as we see in Eq. (77) of Appendix D. Making use of Eqs. (9), (32), and (76), one obtains the following relation,
where we set α = 0 in type-IIB case. The subscripts A, B distinguish between the lightcone coordinates x + 's in type-IIA case and those in type-IIB case. This equa-tion reveals that the anti-periodic standard Killing spinors may depend on the fiber coordinateχ. Second, ǫ transforms as a spinor. Even for the periodic Killing spinors, this fact does not immediately support our naive expectation. Although the standard periodic Killing spinors are constant ones in type-IIB coordinates, they may depend onχ when they are written in terms of type-IIA coordinates. In order to fix the relationship between the type-IIA spinors and the type-IIB spinors, we need the spinor representation of the nonlinear diffeomorphism between (x 4B ,x 5B ) and (x 4A ,x 5A ). It is expected to be very involved to get an explicit expression of the spinor representation since the coordinate transformation is given in terms of the polar coordinates as in (76). The resulting 4 Killing spinors survived Hopf-duality, depend only on the coordinate x + A , which is independent of the coordinateχ. Therefore no Killing spinor depending on the dual coordinateχ survives Hopf-duality. It requires further analysis on the spinor transformation to understand the precise relationship between the Killing spinors in type-IIB and those in type-IIA under the Hopf T-duality. We may save this for a future work.
We conclude this paper with some outlooks on future works. Being a symmetry of the superstring theory, T-duality is believed to preserve supersymmetries in the context of full string theory. However at the level of low-energy effective supergravity, it may break supersymmetries. One good example is given by AdS 5 × S 5 case [15] which arises as near horizon limit of D3-brane geometry. At the level of supergravity, Hopf-duality along the Hopf fiber direction over CP 2 breaks supersymmetries completely. Although there is no spin structure on CP 2 , Hopf fibration of S 5 itself does not break supersymmetry because it is no more than renaming the coordinates. On CP 2 may we introduce a generalized spin structure to takes care of the Kaluza-Klein charges with which charged spinors are well-defined. Since Hopf-duality transforms these Kaluza-Klein gauge fields into the NS two-form fields, the supersymmetries in the dual theory can be seen only when string winding modes are included. We expect that the same is true for the system studied in this paper.
It would be also interesting to understand the supernumerary supersymmetries in the context of boundary CFT. Recently the duality between superstrings in the plane wave background obtained from the near horizon geometry of D1/D5/F1/NS5-brane system and the orbifold CFT on the boundary was studied [1, 23, 24] . Since the system is S-dual to D1/D5 system and their near-horizon geometries are the same, we expect that a similar supersymmetry enhancement may occur in the boundary orbifold CFT.
A Killing spinor equations in type-IIB SUGRA
The fermionic fields in type-IIB supergravity are composed of the dilatino fields λ and the gravitino fields ψ M . Both fields are complex Weyl spinors. At the tree level, the unbroken supersymmetries are manifested by the the invariance of the above fermionic fields under the possible super transformations (See [19] for details about this argument). In the vanishing fermion backgrounds, they are (in the Einstein frame) [18] 
where complex Weyl spinors satisfy Γ (11) ψ M = ψ M , Γ (11) ǫ = ǫ, and Γ (11) λ = −λ. A few remarks are in order. Type-IIB supergravity, being an extended supergravity theory, possesses a noncompact global symmetry SU(1, 1) with U(1) as its maximal compact subgroup. The scalar fields V α ± of the theory parametrize the coset SU(1, 1)/U(1):
where the auxiliary real scalar field ν can be fixed to ν = 0 by the local U(1) symmetry. The complex field τ is associated with the RR zero form field C (0) and the dilaton field φ as τ = C (0) + ie −φ . The field P M appearing in the above dilatino condition is SU(1, 1)-invariant quantity constructed from V α ± :
The SU(1, 1)-invariant three form field G in the gravitino condition is constructed as
Here RR two-form field C (2) and NS two-form field B (2) constitute the SU(1, 1)-doublet as background. In Ref. [25] , the Killing spinors in various AdS p × S q backgrounds are constructed in the horospherical coordinates. However in this paper, the Penrose limit is defined in terms of the global coordinates. Thus, it is more useful to write the Killing spinors in global coordinates. It would help us to understand the origin of supernumerary supersymmetries.
The orthonormal frame for the Einstein metric is composed of e (0) = ζ 
The gamma matrices in the coordinate frame and those in the orthonormal frame are related to each other as Γ t = R ζ 
The SU(1, 1)-invariant three-form field G is G = 2iζ 
The gravitino conditions are 
the first six gravitino conditions become simplified as
with Ω t = sinh ρ γ (0)(2) ⊗ 1 1 + cosh ρ γ (2)(3) ⊗ σ 1 , 
Here the character Ω describing the sphere metric is not to be confused with the operators Ω µ appearing in the Killing spinor equations. 
Therefore 3-sphere can be represented as U(1)-fibered 2-sphere, where the KaluzaKlein field strength is determined asF = dĀ = −dΩ 2 .
